Abstract. We prove that if a graph G of bounded degree has finitely many p-hyperbolic ends
Introduction
We say that a graph G has the Liouville property if every bounded harmonic function on G is constant. Thus the set of all bounded harmonic functions on G having Liouville property is in one to one correspondence with the real line R. With this view point, given an operator A on a graph, it seems natural to regard a class S of solutions of A which is in an one to one correspondence with the Euclidean space R l for some positive integer l as a generalized version of the Liouville property of the pair (A, S). In this paper, we study case of the p-Laplacian operator (1 < p < ∞) and the bounded p-harmonic functions on a graph G of bounded degree. If p = 2, then we obtain harmonic functions on G as a special case. (See [6] and [8] .) In Section 3, we study a sort of an asymptotic behavior of p-harmonic functions which enables us to identify a subset of the set of the bounded p-harmonic functions on G. To be precise, if a graph G has a finite number of p-hyperbolic ends and every bounded energy finite p-harmonic function on G satisfies such an behavior, then we have the following theorem: In Section 4, we extend our result to graphs being roughly isometric to those satisfying the assumption of Theorem 1.1: 
Preliminaries
Let G = (V G , E G ) be a graph, where V G and E G denote the vertex set and the edge set, respectively, of G. If vertices x and y are the endpoints of the same edge, then we say that x and y are neighbors and write y ∈ N x and x ∈ N y . The degree of x is the number of all neighbors of x and it is denoted by N x . A graph G is said to be of bounded degree if there exists a number ν < ∞ such that N x ≤ ν for all x ∈ V G . A sequence x = (x 0 , x 1 , . . . , x r ) of vertices in V G is called a path from x 0 to x r with the length r if x k is an element of N x k−1 for each k = 1, 2, . . . , r. We say that a graph G is connected if any two points of V G can be joined by a path. Throughout this paper, G is a connected infinite graph with no self-loops and is of bounded degree.
For any vertices x and y, we define d(x, y) to be the length of the shortest path joining x to y. Then d defines a metric on V G . For this metric d and r ∈ N, define an r-neighborhood N r (x) = {y ∈ V G : d(x, y) ≤ r} for each x ∈ V G . Given any subset S ⊂ V G , the outer boundary ∂S and the inner boundary δS of S are defined by
For each real valued function u on S ∪ ∂S, define the norm of p-gradient, the p-Dirichlet sum, and the p-Laplacian of u at a point x ∈ S, where 1 < p < ∞, in such a way that
respectively. We say that u is p-harmonic on S if ∆ p u(x) = 0 for all x ∈ S. We introduce some useful properties of p-harmonic functions on graphs in [1] . If a subset S ⊂ V G is finite, then the following conditions are equivalent:
(ii) A function u satisfies p-Laplacian equation in a weak form. That is,
for any real valued function w on S ∪ ∂S such that w = 0 on ∂S. 
Let S be a finite subset of V G . Suppose that {u i } is a sequence of functions on S ∪ ∂S converging to a function u pointwisely. Then for each point x ∈ S,
as i → ∞. By these facts together with the comparison principle, the following existence and uniqueness result holds: Let S be a finite subset of V G . For any function v on ∂S, there exists a unique function on S ∪ ∂S which is p-harmonic on S and equal to v on ∂S. Let {S i } be an increasing sequence of finite connected subsets of V G and
We say that a real valued function u is energy finite if it has finite p-Dirichlet sum on the whole set V G , i.e., I p (u, V G ) < ∞. Let BD p (G) denote the set of all bounded energy finite functions on V G . Then, BD p (G) is a Banach space with the norm ||u|| p = sup
We denote by BD p,0 (G) the closure of the set of all finitely supported functions on V G in BD p (G) with respect to the norm || · || p . The subset of all bounded
, where E Γ is the set of all edges in E G with both ends points in S. In particular, that a subset S ⊂ V G is connected means that the subgraph Γ = (S,
where the infimum is taken over all finitely supported function u on S ∪ ∂S such that u = 1 on A. Otherwise, S is called p-parabolic.
We now introduce the p-Royden decomposition: (See [9] .)
For each nonnegative real valued function w on E G , define
Let P be a family of infinite paths in G. The p-extremal length λ p (P) of P is defined by
where the infimum is taken over the set of all nonnegative functions w on E G such that E p (w) < ∞ and e ∈Ex w(e) ≥ 1 for each path x ∈ P, where E x denotes the edge set of x. The following proposition gives some fundamental properties of the extremal length. (See [4] .) Proposition 2.2. Let P n , n = 1, 2, . . . , be families of paths in a graph G.
On the other hand, the p-extremal length is closely related to the p-capacity: Let S ⊂ V G be a connected infinite subset. For a nonempty finite subset A ⊂ S, let P S,A be the set of all non-self-intersecting infinite paths in S starting from a vertex in A. Then we have
(See [9] and [7] .
We say that a property holds for p-almost every path in P if the subset of all paths for which the property is not true has p-extremal length ∞.
The following proposition gives some p-almost every path properties of energy finite functions: (See [4] and [9] .) 
Asymptotically constant for p-almost every path on ends
We now define ends of a graph G with its vertex set V G : Fix a point o ∈ V G . For each r ∈ N, we denote by (r) the number of infinite connected components of V G \ N r (o). Let lim r→∞ (r) = l, where l may be infinity, then we say that the number of ends of G is l. If l is finite, then we can choose r 0 ∈ N such that (r) = l for all r ≥ r 0 .
Using the p-hyperbolicity, we can divide ends of G into two classes as follows:
where the infimum is taken over all finitely supported function u on E ∪ ∂E such that u = 1 on ∂E. Otherwise, the end is called p-parabolic.
From the definition of a p-hyperbolic end, we have the following lemma: 
Let us denote P G to be the family of all non-self-intersecting infinite paths lying in V G \ N r1 (o) starting from a vertex in δN r1 (o) for some large r 1 ∈ N. For each end E of G, let us denote P E ⊂ P G to be the family of all paths lying in E \ N r 1 (o) starting from a vertex in δN r 1 (o) ∩ E. We say that a real valued function u on V G is asymptotically constant for p-almost every path in E if there exists a constant c such that u(x) = c for p-almost every path x ∈ P E , where u(x) = lim u(x) as x goes to ∞ along vertices on x. Proof. Suppose the lemma is not true. Then by assumption, there exists a constant c such that u(x) = c for p-almost every path x ∈ P E and 0 ≤ c < 1. Since u is nonconstant, there exists a proper subset Ω of E such that Ω = {x ∈ E : u(x) > 1 − }, where is a positive constant so small that 1 − > c. Clearly, Ω is a D p -massive subset. By (4), there exists a subfamily P Ω of P E such that λ p (P Ω ) < ∞. But from the definition of Ω, one can conclude that u(x) > c for all paths x ∈ P Ω . This contradicts the fact that u(x) = c for p-almost every path x ∈ P E . This completes the proof.
Proof of Theorem 1.1. For each i = 1, 2, . . . , l, extend u E i to be zero outside E i and then construct a sequence of real valued functions {u
where u E i is a p-harmonic measure of E i constructed in Lemma 3.1 for each i. By the comparison principle, u E i ≤ u r,i ≤ 1 on N r (o) for each i. Thus there exists a convergent subsequence, and its limit function u i satisfies that
By the minimizing property of p-harmonic functions, u i is energy finite for each i.
Without loss of generality, we may assume that 0
where i = 1, 2, . . . , l. Then
where u i is the p-harmonic function constructed above. Hence by the comparison principle, we conclude that
There exists a subsequence, denoted by {v r m }, converging to a p-harmonic function v on V G . By Lemma 3.2, u i (x) = 1 for p-almost every path x ∈ P Ei for each i. Hence v satisfies (1) . By the minimizing property of p-harmonic function, v has finite p-Dirichlet sum.
Suppose that there exists a p-harmonic function w ∈ HBD p (G) satisfying (1). Put P E i = P i,w,1 ∪ P i,w,2 for each i, where
Then we have λ p (P i,w,1 ) < ∞ and λ p (P i,w,2 ) = ∞ for each i. Similarly, let us set
for each i, where
Then we have λ p (P i,v,1 ) < ∞ and λ p (P i,v,2 ) = ∞ for each i. From Proposition 2.2 and Proposition 2.3, we conclude that
Consequently, by Proposition 2.3, we conclude that v − w ∈ BD p,0 (G). Thus there exists a sequence of finitely supported functions converging to v − w in BD p (G). By this fact together with the Hölder inequality, since v and w are p-harmonic functions on V G , it is easy to see that
Thus by (2), we conclude that v − w is constant function on N x for all points x ∈ V G . Since V G is connected, by (5), we conclude that v ≡ w on V G .
Asymptotically constant for p-almost every path and rough isometries
We begin with introducing rough isometries between metric spaces. A map ϕ : X → Y is called a rough isometry between metric spaces X and Y if it satisfies the following condition:
(R) for some constant τ > 0, the τ -neighborhood of the image ϕ(X) covers Y ; there exist constants a ≥ 1 and b ≥ 0 such that On the other hand, since the vertex set of each graph is a metric space, we can define rough isometries between the vertex sets of graphs similarly as above. Let G = (V G , E G ) and G = (V G , E G ) be graphs, and ϕ : V G → V G be a rough isometry. For convenience' sake, we prefer to write the rough isometry
Slightly modifying the proof of [5, 3] , the number of ends of a graph is a rough isometric invariant. In fact, the rough isometry between graphs gives a one to one correspondence between ends of the graphs and, furthermore, it induces the rough isometry between each end and its corresponding end. On the other hand, the p-parabolicity of ends is preserved under rough isometries between ends. Also, we can prove that the property of asymptotically constant for p-almost every path is invariant under rough isometries between ends as follows: 
Then we have λ p (P i,h,1 ) < ∞ and λ p (P i,h,2 ) = ∞ for each i. Similarly, let us set P E i = P i,g,1 ∪ P i,g,2 for each i, where
Then, by our claim, we have λ p (P i,g,1 ) < ∞ and λ p (P i,g,2 ) = ∞ for each i.
Arguing similarly as in the proof of Theorem 1.1, we have
for each i. Hence u • ϕ − is asymptotically constant c i at infinity of E i for p-almost every path y ∈ P Ei for each i. This completes the proof. Proof. Let E be a p-hyperbolic end of G and E be the corresponding end of G under ϕ. Since u ∈ HBD p (G ), by Proposition 2.3, u(x) exists and finite for p-almost every path x ∈ P o .
Put P E = P 1 ∪ P 2 ∪ P 3 , where P 1 = {x ∈ P E : u(x) = c}, P 2 = {x ∈ P E : u(x) = c} and P 3 = {x ∈ P E : u(x) does not exists.}. Since λ p (P 3 ) = ∞, we have only to show that λ p (P 2 ) = ∞.
For each path x ∈ P 2 , we will assign a suitable path y ∈ P 2,ϕ − , where P 2,ϕ − = {y ∈ P G : (u • ϕ − )(y) = c}. Let us choose any path x ∈ P 2 . We may assume that x = (o, x 1 , x 2 , . . . , x 
